Abstract. We prove a conjecture by Kawaguchi-Silverman on arithmetic and dynamical degrees, for self-morphisms of semi-abelian varieties. Moreover, we determine the set of the arithmetic degrees of orbits and the (first) dynamical degrees of self-morphisms of semi-abelian varieties.
Introduction
Let X be a smooth projective variety and f : X X a rational self-map, both defined over Q. Silverman introduced the notion of arithmetic degree in [18] , which measures the arithmetic complexity of f -orbits. Fix a Weil height function h X associated with an ample divisor on X. Consider a point x ∈ X(Q) such that for all n ≥ 0, f n (x) is not contained in the indeterminacy locus of f . The arithmetic degree of f at x is α f (x) = lim n→∞ max{h X (f n (x)), 1}
1/n provided that the limit exists.
In [8] , Kawaguchi and Silverman proved that when f is a morphism, the arithmetic degree α f (x) always exists and is equal to either 1 or the absolute value of one of the eigenvalues of f * : N 1 (X)⊗ Z R −→ N 1 (X)⊗ Z R, where N 1 (X) is the group of divisors modulo numerical equivalence.
When f is dominant, it is conjectured in [18] , [9, Conjecture 6 ] that the arithmetic degree of any Zariski dense orbits are equal to the first dynamical degree δ f of f (cf. Conjecture 2.9). This is the Kawaguchi-Silverman conjecture, and we abbreviate it as KSC. Here, the first dynamical degree is a birational invariant of f which measures the geometric complexity of the dynamical system. For a surjective morphism f , δ f is equal to the spectral radius of the linear map f * : N 1 (X)⊗ Z R −→ N 1 (X)⊗ Z R. Let A(f ) be the set of the arithmetic degrees of f , i.e.
A(f ) = {α f (x) | x ∈ X(Q)}.
Determining the set A(f ) for a given f is an interesting problem. In [14, Theorem 1.6 ], Shibata and we proved that for any surjective morphism f , there exists a point x ∈ X such that α f (x) = δ f . When X is a toric variety and f is a self-rational map on X that is induced by a group homomorphism of the algebraic torus, the set A(f ) is completely determined [18, 12] .
When X is quasi-projective, the arithmetic degrees and dynamical degrees can be defined by taking a smooth compactification of X. In this paper, we prove KSC for self-morphisms of semi-abelian varieties and determine the set A(f ). Theorem 1.1. Let X be a semi-abelian variety and f : X −→ X a self-morphism (not necessarily surjective), both defined over Q.
(1) Suppose f is surjective. Then for any point x ∈ X(Q) with Zariski dense f -orbit, we have α f (x) = δ f . (2) For every x ∈ X(Q), the arithmetic degree α f (x) exists. Moreover, write f = T a • g where T a is the translation by a point a ∈ X(Q) and g is a group homomorphism. Then A(f ) = A(g). (3) Suppose f is a group homomorphism. Let F (t) be the monic minimal polynomial of f as an element of End(X)⊗ Z Q and
where e 0 ≥ 0 and e i > 0 for i = 1, . . . , r. Let ρ(F i ) be the maximum among the absolute values of the roots of F i . Then we have
More precisely, set
Then we have
Remark 1.2. Actually, in the situation of Theorem 1.1 (3), f is conjugate by an isogeny to a homomorphism of the form
We can characterize the set of points whose arithmetic degrees are equal to 1 as follows (cf. [17] for related results). Theorem 1.3. Let X be a semi-abelian variety and f : X −→ X a surjective morphism both defined over Q. Write f = T a • g where T a is the translation by a ∈ X(Q) and g is an isogeny. Suppose that the minimal polynomial of g has no irreducible factor that is a cyclotomic polynomial. Then there exists a point b ∈ X(Q) such that, for any x ∈ X(Q), the following are equivalent:
(
Here X(Q) tors is the set of torsion points. Remark 1.4. It is easy to see that when f is an isogeny, we can take b = 0. Remark 1.5. If the minimal polynomial of g has irreducible factor that is a cyclotomic polynomial, then one of f i in Remark 1.2 (applied to f = g) has dynamical degree 1.
To prove the above theorems, we calculate the dynamical degrees of self-morphisms of semi-abelian varieties. Theorem 1.6. Let X be a semi-abelian variety over an algebraically closed field of characteristic zero.
(1) Let f : X −→ X be a surjective group homomorphism. Let
be an exact sequence with T a torus and A an abelian variety. Then f induces surjective group homomorphisms
Moreover, let P T and P A be the monic minimal polynomials of f T and g as elements of End(T ) Q and End(A) Q respectively. Then, δ f T = ρ(P T ) and δ g = ρ(P A ) 2 . (2) Let f : X −→ X be a surjective homomorphism and a ∈ X a closed point. Then δ Ta•f = δ f .
Remark 1.7. The description of δ f T in Theorem 1.6(1) is well-known (see for example [18] ).
The outline of this paper is as follows. In §2, we fix our notation, give the definitions of the dynamical and arithmetic degrees, and summarize their basic properties for later use. In §3, we prove a lemma that says every homomorphism of a semi-abelian variety "splits into rather simple ones". In §4, we prove our main theorems for isogenies of abelian varieties. We use these to prove the main theorems. In §5.1, we calculate the first dynamical degrees of self-morphisms of semi-abelian varieties and prove Theorem 1.6. In §5.2, we prove Theorem 1.1 and 1.3.
Notation and Preliminaries
2.1. Notation. In this paper, the ground field is either Q or an arbitrary algebraically closed field of characteristic zero. A variety is a separated irreducible reduced scheme of finite type over an algebraically closed field k. Let X be a variety over k and f : X X a rational map. We use the following notation: CH 1 (X) the group of codimension one cycles modulo rational equivalence. N 1 (X) For a complete variety X, the group of divisors modulo numerical equivalence is denoted by N 1 (X). I f the indeterminacy locus of f .
Weil height function associated with a divisor D is denoted by h D . We refer to [1, 7] for the definitions and basic properties of Weil height functions. ρ(T ) For an endomorphism T : V −→ V of a finite dimensional real vector space V , the maximum among the absolute values of the eigenvalues of T is called the spectral radius of T and denoted by ρ(T ). ρ(F ) For a polynomial F ∈ C[t], the maximum among the absolute values of the roots of F is denoted by ρ(F ) and called the spectral radius of F . M K For a Z-module M and a field K, we write M K = M⊗ Z K.
T a Let X be a commutative algebraic group and a ∈ X(k) a point. The translation by a is denoted by T a .
2.2. Dynamical degrees. Let X, Y be smooth projective varieties defined over an algebraically closed field of characteristic zero and f : X Y a (not necessarily dominant ) rational map. We define pull-back f * : CH 1 (Y ) −→ CH 1 (X) as follows. Take a resolution of indeterminacy π : X ′ −→ X of f with X ′ smooth projective. Write
. This is independent of the choice of resolution.
Definition 2.1. Let f : X X be a dominant rational map. Fix an ample divisor H on X. Then the (first) dynamical degree of f is
This is independent of the choice of H. We refer to [2, 3, 20] , [5, §4] for basic properties of dynamical degrees.
Remark 2.2.
(1) There are another definitions of the dynamical degree. Fix a norm · on Hom(
If the ground field is C, this is equal to the spectral radius of f * : Y dominant rational maps. Then, by definition, it is easy to see that δ f ×g = max{δ f , δ g }.
Arithmetic degrees.
In this subsection, the ground field is Q. Definition 2.3. Let f : X X be a rational self-map of a smooth quasi-projective variety.
is a finite set. (2) Fix a smooth projective variety X and an open embedding X ⊂ X. Let H be an ample divisor on X and take a Weil height function h H associated with H. The arithmetic degree α f (x) of f at x ∈ X f (Q) is defined by
if the limit exists. Since the convergence of this limit is not proved in general, we introduce the following:
We call α f (x) the upper arithmetic degree and α f (x) the lower arithmetic degree. The definitions of the (upper, lower) arithmetic degrees do not depend on the choice of X, H and h H ([9,
Remark 2.5. When X is projective and f is a morphism, α f (x) exists for every x ∈ X [8, Theorem 3].
Lemma 2.6. Let X, Y be smooth quasi-projective varieties and f :
. If α f (x) and α g (y) exist, then α f ×g (x, y) also exists and
Proof. It is enough to prove when X, Y are projective. Take ample divisors H X , H Y on X, Y respectively. Fix associated height functions
Lemma 2.7. Consider the following commutative diagram
where X, Y are smooth quasi-projective varieties, f, g rational maps and π a surjective morphism. Let y ∈ Y g (Q) be a point such that π(y) ∈ X f (Q). Then
Proof. We may assume X, Y are projective. Take an ample divisor H X on X and fix an associated height function h H X with h H X ≥ 1. Take
The second inequality can be proved similarly.
Lemma 2.8. Consider the following commutative diagram
where X, Y are smooth projective varieties and f, g rational maps. Suppose there exists a non-empty open subset U ⊂ X such that π :
Proof. Take an ample divisor H on X and let h H be a height function associated with H. We choose h H so that h H ≥ 1. Then we have
Here we choose h π * H so that
is an isomorphism. Let ν : Z −→ Z be a resolution of singularities that is a composite of blow-ups with center in the singular locus of Z. In particular, the blow-up centers do not intersect with α −1 (U). Let µ : Y −→ Y be a resolution of indeterminacy of Y Z that is a composite of blow-ups along smooth centers outside V . The situation is summarized in the following diagram:
Then, since ν is a sequence of blow-ups, there exists an effective ν-
is ample (cf. [6, II Proposition 7.10]). Also, since Z is smooth, there exists an effective Q-divisor E β on Y that is β-exceptional such that 
Since the g-orbit of y does not intersect with Supp E, we have
where h A is a height associated with A. Here, we use the fact that any height function associated with an effective divisor is bounded below outside the support of the divisor (cf. [7, Theorem B.3 
.2.(e)]
). If C > 0 is a positive number with CA − (A + E) is ample, we have
By (2.1), (2.2), (2.3) and (2.4), we have
Since α g ( y) = lim n→∞ max{1, h A ( g n ( y))} 1/n exists and is equal to α g (y),
2.4. Kawaguchi-Silverman conjecture. In [9] , Kawaguchi and Silverman formulated the following conjecture.
Conjecture 2.9. Let X be a smooth quasi-projective variety and f : X X a dominant rational map, both defined over Q. Let x ∈ X f (Q).
(1) The limit defining α f (x) exists.
(2) The arithmetic degree α f (x) is an algebraic integer.
Remark 2.10. In [9] , the conjecture is formulated for smooth projective varieties. Of course, quasi-projective version of the conjecture is equivalent to the projective version.
Remark 2.11. For any dominant rational map f , the arithmetic degrees are bounded by the dynamical degree:
for every x ∈ X f (Q) [9] , [13 (1) For any self-morphisms of abelian varieties, Conjecture 2.9 is true. (2) Let X be an algebraic torus and f : X −→ X be a homomorphism. Then Conjecture 2.9 is true for f . Moreover, let F (t) be the minimal monic polynomial of f as an element of End(X) Q and
Splitting lemma
In this section, the ground field is an algebraically closed field of characteristic zero. Let X be a a semi-abelian variety, i.e. a commutative algebraic group that is an extension of an abelian variety by an algebraic torus. Note that X is divisible i.e. the morphism X −→ X; x → nx is surjective for every n > 0.
and X 2 = F 1 (f )(X). Then X = X 1 + X 2 and X 1 ∩ X 2 is finite. In other words, the morphism X 1 × X 2 −→ X; (x 1 , x 2 ) → x 1 + x 2 is an isogeny.
Proof. See [19, Lemma 5] .
In the situation of Lemma 3.1, write f i = f | X i . Then F i (f i ) = 0 and we have the following commutative diagram:
Here π is the isogeny defined by π(
Since X is divisible, we have End(X) ⊂ End(X)⊗ Z Q. Let f ∈ End(X) and F (t) ∈ Z[t] be the monic minimal polynomial of f as an element of End(X)⊗ Z Q. (The monic minimal polynomial has integer coefficients because those of endomorphisms of a torus and an abelian variety have integer coefficients.) Let
er be the decomposition into irreducible factors where F 0 (t) = t, e 0 ≥ 0, e i > 0, i = 1, . . . , r and F i (t) are distinct monic irreducible polynomials. Note that r is possibly zero. Set
and
Here, X i are also (semi-)abelian varieties since they are images of a (semi-)abelian variety. Then we get the commutative diagram
where π(x 0 , . . . , x r ) = x 0 + · · · + x r . Note that the monic minimal polynomial of f i as an element of End(X i )⊗ Z Q is F i (t) e i . Note that f is surjective if and only if e 0 = 0 and if this is the case, we have δ f = δ f 0 ×···×fr = max{δ f 1 , . . . , δ fr } (cf. Remark 2.2).
Arithmetic and dynamical degrees of isogenies of abelian varieties
Theorem 4.1 (Theorem 1.1(3) for abelian varieties). Let X be an abelian variety and f : X −→ X be a homomorphism, both defined over Q. Let F (t) be the monic minimal polynomial of f as an element of End(X) Q and F (t) = t e 0 F 1 (t) e 1 · · · F r (t) er the irreducible decomposition in Q[t] where e 0 ≥ 0 and e i > 0 for i = 1, . . . , r. Then we have
Theorem 4.2 (Theorem 1.3 for isogenies of abelian varieties). Let X be an abelian variety and f : X −→ X an isogeny, both defined over Q. Suppose that the minimal polynomial of f has no irreducible factor that is a cyclotomic polynomial. Then for any x ∈ X(Q),
where X(Q) tors is the set of torsion points.
Lemma 4.3. Let X be an abelian variety of dimension g over an algebraically closed field of characteristic zero and f : X −→ X an isogeny. Let P (t) be the monic minimal polynomial of f as an element of End(X) Q , which has integer coefficient, and ρ the maximum among the absolute values of the roots of P (t). Then we have δ f = ρ 2 .
Remark 4.4. The minimal polynomial of f as an element of End(X) Q is equal to the minimal polynomial of T l (f ) for every prime number l.
If the ground field is C, these are also equal to the minimal polynomial of the analytic representation of f .
Proof. By the Lefschetz principle, we may assume that the ground field is C. Let X = C g /Λ, where Λ is a lattice in C g . Let f r : Λ −→ Λ be the rational representation and f a : C g −→ C g the analytic representation of f . We have a natural isomorphism H r (X; Z) ≃ Hom Z ( r Λ, Z) (cf. [15, §1 (4)]). If we identify H r (X; Z) with Hom Z ( r Λ, Z) by this isomorphism, then f * : H r (X; Z) −→ H r (X; Z) is ( r f r ) * . Therefore, the eigenvalues of f * are products of r eigenvalues of f r . Since f a | Λ = f r , the characteristic polynomial of f r as an R-linear map is Q(t)Q(t) where Q(t) is the characteristic polynomial of f a as a C-linear map. (Take a basis e 1 , . . . , e g of C g so that f a is represented by an upper triangular matrix. Then compute the characteristic polynomial of f a , f r using bases {e 1 , . . . , e g }, {e 1 , ie 1 , . . . , e g , ie g } respectively.) Note that the set of roots of P (t) and Q(t) are the same. Therefore, the spectral radius of f * : H 2 (X; Z)⊗ Z R −→ H 2 (X; Z)⊗ Z R is equal to the square of spectral radius of f r . Note that the spectral radius of f * H 2 (X; Z) is equal to the spectral radius of f * H 1,1 (X) (cf. the inequality above Proposition 4.4 in [5] ), this proves the theorem. Now, let X be an abelian variety and f : X −→ X a homomorphism, both defined over Q. Let F (t) be the monic minimal polynomial of f and
Then by §3, we have the following commutative diagram:
Here, the vertical arrows are isogenies. Note that the minimal polynomial of f i is F i (t) e i .
Lemma 4.5. Let f : X −→ X be an isogeny over Q such that the minimal polynomial of f is the form of F (t) e where F is an irreducible monic polynomial in Z[t]. For any x ∈ X(Q), if α f (x) < δ f , then x is a torsion point. In particular, x is a f -preperiodic point and α f (x) = 1. 
Assume α f (x) < δ f . Then x = y + z for some y ∈ Y (Q) and some torsion point z. It is enough to show that y is a torsion point. If Y is a point, we are done. Suppose dim Y > 0. Since Y is f -invariant, the minimal polynomial of f | Y divides F (t) e and is not equal to 1.
Here, we use the fact that α f (x) = α f (y + z) = α f (y). This follows from the definition of arithmetic degree and the fact that the Neron-Tate height associated with a symmetric ample divisor is invariant under torsion translate. By the induction hypothesis, y is a torsion point. Proof of Theorem 4.2. By §3, we may assume the minimal polynomial of f is the form of F (t) e where F is an irreducible polynomial that is not cyclotomic. Then ρ(F ) is greater than one. Thus δ f > 1. By Lemma 4.5, if α f (x) = 1 then x is a torsion point.
Arithmetic and dynamical degrees of self-morphisms
of semi-abelian varieties 5.1. Dynamical degrees. In this subsection, the ground field is an algebraically closed field of characteristic zero.
Proposition 5.1. Let X be a semi-abelian variety. Let f : X −→ X be a surjective group homomorphism. Let
be an exact sequence with T a torus and A an abelian variety. Then f induces surjective group homomorphisms 
Z be rational maps of smooth projective varieties. Suppose f (X \ I f ) ⊂ I g where I f , I g are the indeterminacy loci of f, g. Then for any free divisor H on Z, we have
Here, for divisor classes A and B, A ≤ B means B − A is represented by an effective divisor.
Proof of Proposition 5.1. We will write the multiplication of the groups X, A, T by addition. Take a non-empty open subset U ⊂ A and a section s :
(There exists such a section because of the structure theorem of semi-abelian varieties [21, Lemma 2.2].) Then
∈ By this isomorphism, f is conjugate to the rational map (t, 1) . Then, i(T ) ∩ I m = ∅. Therefore, we have
In the same way, we can show that
Since T is a product of P 1 , we have
Claim 5.5. We have
Proof. It is enough to prove the following two statements:
(1) Since pr 1 is a morphism, we have
Now take an effective divisor E on A × T that represents the class
Similarly, if b ∈ T is a general closed point and j b : A = A×{b} ⊂ A×T is the inclusion, we have
Therefore, if we write f * pr *
where D 1 and D 2 are divisor classes on A and T respectively, we have proved
On the other hand, for a general a ∈ V ⊂ A, {a}×T is not contained in the indeterminacy locus of f , and
Here, the translation T h(a) defines an automorphism on T and induces identity on CH 1 (T ). Thus
Similarly, since A × {1} is not contained in the indeterminacy locus of f , we have
Lemma 5.6. Let f : X −→ X be a surjective homomorphism of a semi-abelian variety X and a ∈ X a closed point. Then δ Ta•f = δ f .
Proof. Let X be the standard compactification of X as in [21, §2 (2. 3)]. Then T a extends to an automorphism of X, which we also denote by T a , and the pull-back T * a : N 1 (X) −→ N 1 (X) is the identity. (We can deduce these facts from the description of the group law in terms of the compactification, cf. [21, the proof of Proposition 2.6].) Thus, as an endomorphisms of N 1 (X), we have
where · is a norm on End R (N 1 (X) R ). In this subsection, the ground field is Q.
Lemma 5.7. Let f : X −→ X be a surjective group homomorphism of a semi-abelian variety. Fix an exact sequence
Suppose the minimal polynomial of f as an element of End(X)⊗ Z Q is the form of F (t) e where F (t) is a monic irreducible polynomial that is not cyclotomic and e > 0. (Note that the minimal polynomial is automatically monic with integer coefficient because it is the case for f T and g.) Then, for x ∈ X(Q), either
is a torsion point and α f (x) = 1 or δ f T . Moreover, and is equal to 1 or ρ(F ) = δ f T (Theorem 2.14(2)). By Lemma 5.8, α f (x) exists and is equal to 1 or δ f T .
The claim A(f ) = {1, δ f T , δ f } follows from the facts that A(f T ) = {1, δ f T } (Theorem 2.14(2)), A(g) = {1, δ g } (Lemma 4.5) and α f (x) ≥ α g (p(x)) (Lemma 2.7).
Lemma 5.9. Let f : X −→ X be a homomorphism of a semi-abelian variety. Let F (t) be the minimal monic polynomial of f . Assume F (1) = 1. Let a ∈ X(Q) be any point. Then there exists a point
For every such b, the minimal polynomial of h is also F (t).
Now we prove the second part. By symmetry, it is enough to prove F (h) = 0. We have
Note that since h is a homomorphism, we have h(0) = 0, in other words, a = (f − id)(b). Thus
Therefore, for any x ∈ X(Q)
Proof of Theorem 1.1. Let X be a semi-abelian variety and first assume f : X −→ X is a homomorphism. We use the notation of §3. Apply Lemma 2.8 for a suitable smooth compactification of
By Lemma 5.7, α f i (x) exists for every i and every point x ∈ X i (Q). Therefore, by Lemma 2.6 and Lemma 2. Now, consider any self-morphism of X. Any self-morphism is the form of T a • f where T a is the translation by a ∈ X(Q) and f is a homomorphism. There exist points a i ∈ X i (Q) such that π(a 0 , . . . , a r ) = If the T a • f -orbit of a point x ∈ X(Q) is Zariski dense, then by Lemma 2.6 and Lemma 5.7, we have α f (x) = max{δ h i = δ f i | F i is not a cyclotomic polynomial} = δ f .
Proof of Theorem 1.3. Since F (1) = 1, by Lemma 5.9, there exists a point b ∈ X(Q) such that T −b • f • T b is a homomorphism. Thus it is enough to prove the equivalence of (1), (2) and (3) for every homomorphism f and b = 0. (3) ⇒ (2). This follows from the fact that the set of n-torsion points of X is finite for each n > 0 and that the image of an n-torsion point by a homomorphism is also an n-torsion point. (2) ⇒ (1) is trivial. To prove (1) ⇒ (3), let x ∈ X(Q) be a point with α f (x) = 1. By §3, we may assume that the minimal polynomial of f is the form of F (t) e where F is an irreducible monic polynomial that is not cyclotomic. We use the notation of Lemma 5.7. By Theorem 4.2 and the inequality α f (x) ≥ α g (p(x)), p(x) is a torsion point. Take n > 0 so that np(x) = 0. Then nx ∈ T . By Lemma 5.8, α f T (nx) = α f (nx) = α f (x) = 1. Since the minimal polynomial of f T divides F (t) e , we can use [18, Proposition 21(d)] and have nx ∈ T (Q) tors . Hence x ∈ X(Q) tors .
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